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Abstract 

We give a formula to estimate the indices of special (non-totally geodesic) 
minimal orbits of Hermann actions. Also, we give examples of such minimal 
orbits of Hermann actions and estimate their indices by using the formula. 
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! 1 Introduction 

Y. Ohnita [O] gave a formula to calculate the indices (and nullities) of totally 
^ I geodesic submanifolds in a symmetric space N of compact type and showed that 

' the indices of all Helgason spheres in every simply connected irreducible compact 

symmetric space are equal to zero, that is, they are stable. By using this index 
ly-^ ! formula, M. S. Tanaka [Ta] determined the stability of all polars and meridians in 

\ every simply connected irreducible compact symmetric space. Note that polars and 

meridians are totally geodesic. By using this index formula, T. Kimura [Ki] deter- 
, mined the stability of all totally geodesic singular orbits of all cohomogeneity one 

actions on every simply connected irreducible compact symmetric space. Also, by 
using this index formula, T. Kimura and M. S. Tanaka [MK] determined the stability 
of all maximal totally geodesic submanifolds in every simply connected irreducible 
r> I compact symmetric space of rank two. Let N = G/K be a symmetrc space of 

d ' compact type and H he a symmetric subgroup of G (i.e., (Fixr)o C H C Fixr for 

some involution r of G), where Fixr is the fixed point group of r and (Fixr)o is 
the identity component of Fixr. The natural action of H on N is called a Hermann 
action (see [HPTT], [Kol]). Let 6 be an involution of G with (Fix6i)o C K C Fix6'. 
According to [Co], we may assume that 6oT = To8hy replacing H to a. suitable 
conjugate group of H if necessary except for the following three Hermann action: 

(i) Spip + q)n. SU{2p + 2q)/S{U{2p - 1) x U{2q + 1)) {p>q + 2), 

(ii) U{p + q + l) r\ Spin{2p + 2q + 2)/Spin{2p+l)yiz2Spin{2q + l) {p>q + l), 

(iii) Spin{3) xSpin{5) r\ Spin{S) / uj{Spin{2,) Spin{5)), 
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where oj is the triahty automorphism of Spin{%). Here we note that we remove 
transitive Hermann actions. 

Assumption. In the sequel, we assume that 9 o t = t o 9. 

Let g, i and \] be the Lie algebras of G, K and if, respectively. Denote the 
involutions of g induced form 9 and r by the same symbols 9 and r, respectively. 
Set p := Ker(^ + id) and q := Ker(r + id). The vector space p is identified with 
TeK{G/K), where e is the identity element of G. Take a maximal abelian subspace b 
of pnq. For each /3 € b*, wc set := {X ep\ad{b)^{X) = -p{hfX (V5 G b)} and 
A' := {/3 G b* \ {0} | pp + {0}}. This set A' is a root system. Let E' = {/3i, • • • ,/3^} 
be the simple root system of the positive root system A'_^ of A' under a lexicographic 
ordering of b* and S be the highest root of A'^. Set N\ := {^3 G A'^ | p/? n q ^ {0}} 
and A'+ := G A'+ | p;3 n {) 7^ {0}}. Define a subset C of b by 

a := {6 G b I < m < TT (V^ G A'i), -| < /3(6) < | (V^ G A'f)}. 

Set C := Exp(C), where Exp is the exponential map of GjK at eK. Each prin- 
cipal i7-orbit passes through only one point of C and each singular iJ-orbit passes 
through only one point of Exp(9C). For each simplex a of 9C, only one minimal 
singular iif-orbit through Exp((7) exists. See proofs of Theorems A and B in [Koi2] 
(also [I]) about this fact. Denote by D(-ff) the set of all equivalence classes of fi- 
nite dimensional irreducible complex representations of H and Pc/if the isotropy 
representation of G/H, that is, Pg/h{^) •= AdG'(/;,)|q {h G H). Denote by the 
same symbol Pg/h the complexification of pajH and p the equivalence class of 
the complexification. Denote by the Killing form of q. For /3 G A'_,_, we set 

T 

f3 = Yl "-f/^ij "^[3 '■= dimp/3, := dim(p/3 fl q) and mj^ := dim(p/3 n \)). For 

1=1 

Zq G C, we consider the following two kinds of conditions on Zq as follows: 

{;3(Zo)|^G A'>A'J}c{0,|} 

& {/3(Zo) \/3GA'l\ A'J} C {0,|, ^7r,7r} 
(I) & {f3{Zo) I /3 G A'J \ A'J } c {±-, ±^} & 

/36A'^\A'^ s.t. /3(Zo)=f ;3eA'^\A'^ s.t. /3(Zo)=-f 

/3eA'Y\A':» s.t. /3(Zo)=|7r /3eA':»\A'Y s.t. /3(Zo)=f 



2 



and 



{/3(Zo)|/3G<nA'^}c{0,-,-} 
(II) k {^(Zo) I /3 G A'J \ A'^} c {±|, ± J} & 

/3eA'YnA'« s.t. /3(Zo)=f ^eA'^\A'^ s.t. /3(Zo)=f 

/3eA'»\A'Y s.t. /3(Zo)=-f 
X nfmj+ X nfm^ 

/3eA'YnA'» s.t. /3(Zo)=f /3eA'l\A'^ s.t. /3(Zo)=|7r 

/3eA'«\A'^ s.t. /3(Zo)=f 

Set A'l^ := {/3 G A'^ |/3(Zo) = or vr} and A'g := {/3 G A'^|/3(Zo) = ±f}. 
Denote by Hzq the isotropy group of H at ExpZo. For simplicity, we set L := Hz^y 
Denote by f) (resp. t)Zo) the Lie algebra of H (resp. L) and the Killing form of 
t). We have a natural reductive decomposition [) = [ + m (see Step I in the proof 
of Theorem A). For Zq e C satisfying (I) or (II), M := H{ExpZo){= H/L) is 
minimal in G/K and the induced metric on the submanifold M in G/K coincides 
with the iif-invariant metric arising from the restriction cB^^ Imxm of some constant- 
multiple cS(, of 5(, to m X m (see Step II in the proof of Theorem A and the 
proofs of Propositions in Section 4). Denote by the slice representation of 
the orbit M at ExpZo. Under the identification of the normal space ^ExpZol-^) 
of M at ExpZo and := (exp Zo)-i(r]^^p2,/M))(c p n q), p^^ is identified with 
{PG/H\L)\-m^-, where (pG///|-L)lm^ means the representaion of L with representation 
space m-L defined by {{pg/h\l)L^)(.1)){.w) := {pg/h{1)){w) {I e L, w e m-^) in 
terms of the isotropy representation Pg/h of G/H. We regard (m-'-)'^ as a L-module 
under the complexification of {pG/H\L)\m^- 
In this paper, we prove the following result. 



Theorem A. Let G/K be an irreducible simply connected symmetric space of 

compact type, H r\ G/K be a Hermann action whose codimension is equal to 
the rank of G/K and Zq he an element of the closure of C satisfying the above 
condition (I) or (II). Then, the orbit M := if(ExpZo) is a (non-totally geodesic) 
unstable minimal submanifold and the index i{M) of M is estimated as follows: 

mx ■ dimHomL(V;,^, (m^)'=) < i{M) < ^ mx ■ dimHomL(yx, {m-^T)- 
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Here Di{H) := {A G D{H)\ax > a^} and D2{H) := {A G D{H)\ax > - 
II J2 rni3c{l5 ® (S'')||op}, where a\ (resp. a^) is the eigenvalue of 

/3e(A'^\A'^^)U(A'^\A'fj 

the Casimir operator of an irreducible complex representation belonging to A (resp. 
ji) with respect to cBq\^-^^ = | in case of (I) and c = ^ in case of (II) ), Vp^ is the 
representation space of an irreducible representation p\ belonging to \, m\ is the 
dimension ofVp^, Homx,(V^^, (tU"'")'^) is the L-module of all L-homomorphisms from 
Vp^ to (m-'-)'^ and is the element of b defined by = Bg{(3'^,-), c := ^ in case 
of (I) and c := 1 in case of (II), and || ■ ||op is the operator norm of (■) with respect 

to -Bglbxb- 

In the last section, we give examples of a Hermann action H r\ G/K and 
Zq ^ C a& in Theorem A and estimate the indices of M := iJ(Exp Zq) for some of 
the examples by using Theorem A. 



2 Basic notions and facts 

In this section, we recall some basic notions and facts. 
Jacobi operators 

Let / : (M, g) (M, gi) be a minimal isometric immersion of a compact Rieman- 
nian manifold {M,g) into another Ricmannian manifold {M,g). Denote by T-^M 
the normal bundle of f{M) and T{T^M) the space of all normal vector fields of 
f{M). Also, denote by V(resp. V"*") the Levi-Civita connection of g (resp. the 
normal connection of f{M)) and A the shape tensor of f{M). Let ft (— £ <t < e) 
be a C°°-family of immersions of M into^M with fo = f, where e is a positive num- 
ber. Define a map F : M x (-e,e) M by F{x,t) := ft{x) {{x,t) G M x (-e,e)). 
Denote by Vol(M, f^'g) the volume of (M, and dv the volume element of g, 
where ffg is the metric induced form by ft- Then we have the following second 
variational formula: 

^|t=oVol(M,/;g) = Jj(J(F4-l-^\t=o)±),F4^^\t=o)±)dv. 

Here is the differential of F, {■)± is the normal component of (•), ^7 is a so-called 
Jacobi operator defined hy J := -A-^ + n- A{: r{T-^M) ^ r{T-^M)), where A-^ 
is the rough Laplacian operator defined by V and V"*", A is defined by g{A{v),w) = 
Tt{Ay o A^,) {v,w € T{T-^M)) and 7^ is defined by g{n{v),w) = -Tt{R{-,v)w) 
{v,w G r(r^M)). Set := {v G r{T^M)\J{v) = Xv} for each A G M. The 
dimension of J2 -^a (^^sp. Eq) is called the index (resp. nullity) of / (or M). 
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The eigenvalues of the Casimir operators 

Let H he a simple complex Lie group and D{H) be the set of all equivalence 
classes of irreducible (complex) representations of H. Fix a Cartan subalgebra o of 
the Lie algebra \\ of H. Let A be the root system of f) with respect to o, A_)_ the 
positive root system of A under some lexicographic ordering of the dual space a* of 
a and n = {ai, • • • , a,.} be a simple root system of A+. Fix a Ad(ii")-invariant non- 
degenerate C-bilinear form ( , ) of f). Define G 0* (i = 1, • • • , r) by -j^^ — = 

< i,j r). A one-to-one correspondence between D{H) and Z+{Ai, • • • , A^} (:= 

{X^i=i ■^i^i I -^i ^ ^+}) obtained by assigning the highest weight of p to each 
A = [p] G D{H), where [p] is the equivalence class of a representation p of H. We 
denote the equivalence class of the irreducible representation of H corresponding to 

r 

^ ZjAj by {zi,--- ,Zr). The Casimir operator Cp of an irreducible representation 

i=l 

m 

p oi H with respect to ( , ) is defined hy Cp := P*e{ei)^, where (ei, • • • ,6^) is 

i=l 

an orthonormal base of f) with respect to ( , ) and e is the identity element of H. 
By Schur's lemma, we have Cp = Opidf, for some Op € M, where idf, is the identity 
transformation of f). According to the Freudenthal's formula, we have 

(2.1) ap = -(A,A+ J2 «)' 

aeA+ 

where A is the highest weight of p. 

The canonical connection 

Let H/L be a reductive homogeneous space and f) = t + m be a reductive decom- 
position (i.e., [f],m] C m), where [} (resp. [) is the Lie algebra of H (resp. L) and 
TT : P — > H/L be a principal G-bundle, where G is a Lie group. Assume that H acts 
on P and that 7r(/i ■ u) = h ■ ■k{u) for any u E P and h e H. Then there uniquely 
exists a connection a; of P such that, for any X £ m and any u E P, t (exp tX){u) 
is a horizontal curve with respect to uj, where exp is the exponential map of H. This 
connection to is called the canonical connection of P with respect to the reductive 
decomposition i) = l + m. 

The rough Laplacian operator with respect to the canonical connection 

Let H he a, Lie group and H/L be a reductive homogeneous space with a re- 
ductive decomposition i) = I + m, where {) is the Lie algebra of H. The subspace 
m is identified with Tcl{H/L). Let B be an Ad(iif)-invariant inner product of [) 
such that t) = I + m is an orthogonal decomposition with respect to B. Denote by 
( , ) the i?-invariant metric on H/L induced from -B|mxm and V the Levi-Civita 
connection of ( , ). Let tt : — >■ H/L be the natural projection, a : L ^ GL{W) 



5 



be a unitary representation of L and Efj := H X(r{L) W be the associated complex 
vector bundle of the L-bundle n : H ^ H/L with respect to a. The Lie group 
H acts on H and H/L naturally. Also, each H) gives a linear isomorphism 
of W onto the fibre {Ecr)T^(h)- Denote by T{Ecr) the space of all sections of Ecr 
and set C°°{H,W)„ := {/ G C'^{H,W) \ f{hl) = a{l-^)f{h){^h G H,yi e L)}, 
where C°^{H.,W) is the space of all TV-valued C°°-functions on H. Define a map 
* : r{E,) ^ C^{H,W), by = /i"^ • ^4/^) e r(£;,), /i G if). This 

map ^' is a linear isomorphism preserving the iJ-action. Take an orthonormal 
base (ei,--- ,e^) of f) with respect to B with Cj G [ (i = 1, • • • , n) and ej, E xn 
(6 = n + ,m), where n := dim[. Let Ch {: C'^{H,W) C°°{H,W)) be the 

m 

Casimir differential operator of H with respect to B, that is, Cnif) = J2 ^i{^if)^ 

~ 1=1 
where is the left-invariant vector field induced from e^. Also, let be the 

Casimir operator of a with respect to i?|(xi- For / G (7°°(if, iy)o-, we can show 

m 

Cnif) = Ca o f + J2 ^bi^bf)- Let be the connection of E^r induced from 

b=n+l 

the canonical connection uj of tt : H ^ H/L with respect to the reductive decom- 
position i) = I + m and A^"^ be the rough Laplacian operator of E^- with respect 

to and V. Set A^- := ^' o A^- o Then we have A^-f = eb{ebf) 

b=n+l 

(/ G C^iH, W)a) by Proposition 2.3 of [Oh]. Furthermore, by Corollary 2.5 of [O], 
we have the following relation. 

Lemma 2.1([0]). For each f G C°°{H, W)^, we have 

A^-/ = Cij(/)-C,o/. 



Shape operators of orbits of Hermann actions 

Let H r^G/K he & Hermann action and 6 (resp. r) be an involution of G with 

(Fix6')o C K C Fix 6* (resp. (Fixr)p C H C Fixr). Assume that 9 o t = t o 9. 
Let f, p, \), q, b, A', A'^, A'^, C and C be as in Introduction. Take a simplex 
(J of dC and G a. Set M := i/(ExpZo) and qq := exp Zq, where Exp is the 
exponential map of G/K at eK and exp is the exponential map of G. Denote by A 
the shape tensor of M. The tangent space TexpZo-^ of M at Exp Zq is given by 



(2.2) rExpZoM = 5o* 



3pnf,(b)+ ^ (p/3nq)+ ^ (p/3 n [)) 
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and hence 



(2.3) 



where A'^^^ and ^'zq ^^'^ stated in Introduction. Take v & b. The shce representa- 
tion Pzo 0^) = ^*Exp Zo\t^ m (heHzo). Then we have U pl^ (/i) (b) = T^p 

Exp Zq fl^lizQ 

and 



M 



(2.4) 
where h G iJ^o 



^p|^(fe)(^)lp|Jft)(flo*(3pnl,(f'))) - 0' 

^p|^(fe)(^)lp|^W(go*(P/?nq)) - -tan/3(Zo) ^ ^ + \ ^ ^oi' 
^p|^W(.)lp|^W(,o.(P,n^)) = ^(t')tan^(Zo)id (^ G A'f \ A'|] 



3 Proof of Theorem A 

In this section, wc shall prove Theorem A. Let H rv G/K and M = H(Ex.pZo) be 
as in Theorem A. We use the notations in Introduction. 



Proof of Theorem A. Since Zq satisfies the condition (I) or (II) in Theorem A, it 
follows from (2.4) that M is a (non-totally geodesic) minimal submanifold. In the 
sequel, we shall show that the estimate inequality in Theorem A holds. First we note 
that a = b, that is, A_|_ = A'_j_ because the cohomogeneity of the if-action is equal 
to the rank of G/K. We suffice to show in the case where the G-invariant metric 
induced from Bg\pxp is given to G/K. Denote by ( , ) this G-invariant metric and 
gi the metric on M induced from ( , ). For simplicity, set L := Hzq and let I be the 
Lie algebra of L. 

(Step I) In this step, we shall show that there exists a reductive decomposition 
f) = I + m satisfying Bg{l,m) = 0. Easily we have 

(3.1) I = 3fnf,(b)+ J2 (f/3nf))+ E (P/^nf))- 

/36A'^^ ^eA'« 

Define a subspace m of f) by 

m:=3pnl,(b)+ ^ (f^ n b) + (Pl^^^)- 
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Easily we can show that f) = [+m is a reductive decomposition and that Bq{1, m) = 0. 
(Step II) Define a diffeomorphism ip : H/L — t- M by ip{hL) := h ■ ExpZo (h G H). 
In this step, we shall show that (V'*fl'/)eL = ci3g |mxm) where c is as in the statement 
of Theorem A. For each X G m(= TeL{H/L) = T^^^i^Zo)M), denote by X* the 
Killing field on M associated with X, that is, X* := ^|i=o(exp tX){p) {p e M). 
From the definition of if!, wc have V-VcL-'^ = ^ExpZo' Take G f/j H f) and let 
be the element of n f) such that ad(6)(S'^) = P{b)Tp for any 6 Gb, where 
^ G (A'^ \ A'^J U (A':^ \ A'fj. Then we have 

(3.2) AeUSp) = {S})e.pZo = - sin^(Zo)(exp ^o)*(7» 

and 



(3.3) V'*eL(T;3) = (7>*)ExpZo = cos/3(Zo)(exp Zo).(r^). 

Hence, if Zq is as in (I), then we have {tp* gi)eL{Si3, 8/3) = |5g(5'/3, S"/?) and {'4)*gi)eL 
{Tis^Tp) = ^Bg{Ti3,T,3). Therefore we obtain {'4>*gi)eL = f-Bg|mxm- Also, if Zq is 
as in (II), then we have (V'*5/)eL(5'/3, ^/j) = i5g(5/}, S^^) and (V'*5'/)eL(T>, = 
iSg(T^,r^). Therefore we obtain (V'*ff/)eL = |-Bg|mxm- 

(Step III) Let u! be the canonical connection of the principal L-bundle tt : H ^ 
H/L{= M) with respect to the reductive decomposition f) = [ + m and F-^{M) 
be the normal frame bundle of M. Define a map r] : H ^ F-^{M) by 'r){h) = /i*tio 
{h e H), where uq is an arbitrary fixed element of F^{M)expZo-, where F-^{M)expZo 
is the fibre of F-^(M) over ExpZo. This map i] is an embedding. By identifying H 
with r]{H), we regard it : H ^ H/L{= M) as a subbundle of F^{M). Denote by 
the same symbol u the connection of F^{M) induced from oj and V"*"" the linear 
connection on T-^M associated with uj. Denote by V"*" the normal connection of 
the sTibmanifold M. In this step, we shall show that V-'"'^ = V"*". Take u G b (c 
r4p2„M). Let Z : [0,1] ^ b be a C°°-curve with Z(0) = Zq and ^((0, 1]) C C. 

Set Ms := H{ExpZ{s)) (0 < s < 1). Denote by the shape tensor of Ms and V 
the Levi-Civita connection of G/K. Let be the If-equivariant normal vector field 
of Ms (0 < s < 1) arising from v. Since Ms (0 < s < 1) is a principal orbit of the 
Hermann action H, is well-defined and it is a parallel normal vector field. Take 
X G n f) (C m) (/3 G A'^ \ Then, by using (2.4), we have 

and hence 
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Hence we obtain Vj^, ^ (exp i-'^^)*Exp(Zo)('^) = 0- Take Y e pp r\ {c m) {P e 
A'+ \ A'f J. Then, by using (2.4), we have 

and hence 

Hence we obtain Vy* (cxp t^)*Exp(Z()) (^) = 0- Therefore, it follows from the 

arbitrariness of X, Y and /3 that t (->• (exp tX)^Exp Zoi^) is V^-parallel along t ^ 
(exp tX)(ExpZo) for any X G m. Take any h E L. Similarly we can show that 
t (exp t^)*ExpZo(pfo(^)('f^)) V"'"-parallel along t i->- (exp tX){Exp Zq) for any 
X G m, where is the slice representation of the i^-action at ExpZo. Note that 
this fact has been showed in [1ST] in different method. On the other hand, it follows 
from the definition of oj that t i-> (exp tX)*ExpZo(pfg(^)(^)) is V^"-parallel along 
t !->■ (exp tX)(Exp Zq) for any X e m. Therefore we obtain V"*- = V"*-"^. 
(Final step) Now we shall prove Theorem A by using the facts in Steps I ~ HI. 
The space TIT"'" :— (cxp Zq)^ ^(-^ExpZq-^) regarded as the representation space of 
under the identification of nr"*" and ^Exp^^^M. Denote by E^s the associated 

vector bundle H x s of the principal L-bundle tt : H ^ H/L with respect 
to pf^. This vector bundle E^s is identified with T^M under the corrcspcndcnce 
h-v ^ /i*((cxp Zq)^v) {he H, V e m^). Let ^ : r(K s ) C°^(if, m^)^s be a 
diffeomorphism stated in the previous section. Since ip*gi is an i/-invariant metric 
induced from cSg|,^xm and V"*" = V"'"'^, it follows from Lemma 2.1 that the rough 
Laplacian operator A"*" of E s with respect to V"*" and V satisfies 

(3.4) (^ o A^ o ^-i)(/) = ChU) - C^s^ o / (/ G C^{H,m^)^sJ, 

where Ch is the Casimir differential operator of H with respect to cSg||,xf) ^ind 
C s is the Casimir operator of pf with respect to cSgjixi- Let Pq/h be the 

isotropy representation of G/H, Cp^i^ the Casimir operator of pcju with respect 
to ci?|[,x[) and p the equivalence class of the complexification of Pg/h- The slice 
representation p^^ is equivalent to the representation (PG///U)lm^ defined by 
{{PG/H\L)\xa^){l) '■= PG/if(Olm-'- ^ Hence, from (3.4) and the definition of 7?., 
we have 

(3.5) (* o (A^ - 7^) o *-!)(/) = ChU) - C,^i, o / (/ G C-(/f,nT^)^|^). 
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Since G/H is irreducible or G/H = G' /H' x G' /H' for some irreducible symmetric 
space G' /H' , we have Cp^^^ = a^\d for some constant a^. Hence we have 

(3.6) o (A^ - n) o = Cnif) -a^f (/ G m'-)^sj. 

Let A(= [px]) £ D{H) and Vp^ be the representaion space of px. Define a map rjp^ : 
Vp,momL{Vp„{m^r) -> C-(i7,K)-)(^|^)cby(r/p,(t;0</)))(/i) := cP{px{h-^){v)) 

{v G V^;^, G Homi(yp^, (m-*-)^), /i G H), where B.omL{Vp^, (m"'-)'^) is the space of 
all L-homomorphisms from Vp^ to (m-'-)'^. This map rjp^ is injective. Set Tx{{T^M)'^) := 
^'HvpxiVp^ ® ^omL{Vp^,{m^T))). Then it is shown that J2xeD{H) ^xiiT^My) 
(direct sum) is uniformly dense in r((T"'"M)'^) with respect to the uniformly topol- 
ogy. Also, it follows from (3.6) that 

(3.7) (A-L - 7^)'=|^^((^-LM)c) = {ax - ap,)id. 

On the other hand, it follows from (2.4), tan^ /3{Zo) = 4 (^ g A'+ \ A'^J and 
tan2 /3(Zo) = c {/3 e A'^ \ A'f J that 



(3.8) 0<{Aiv),v)<\\ J2 mpc{P^pi)\\op{v,v) 

/3eA;\(A'^^uA'f^) 

for any 0) G r{T-^M). Prom (3.7) and (3.8), we have 

\ r 

o-fM-ax-W ^ rnpc{P ^ P^)\\op / {v,v)dv 

(3.9) V ^6a;\(a-ua-) 

^ / {J{v),v)dv < (o^-oa) / {v,v)dv 
Jm Jm 

{v G rA((r^M)^) n r(r^M)). 

Therefore the index i(M) is estimated as in the statement of Theorem A. In partic- 
ular, from (3.9), we have 

[ {j{v),v)dv < {ve r^((r^M)'=) nr(r^M)). 

JM 

Therefore M is unstable. This completes the proof. q.e.d. 
Remark 3.1. 

(i) The normal vector field ^^^"^ is explicitly described as 

(3.10) (r®'^)/.ExpZo = /i*((exp ZoUpG/H{h-'){v))) {h G H). 
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(ii) The closure C of C stated in Introduction is a simplicial complex. If 

M := iJExp Zq {Zq G C) is totally geodesic, then we have Zq = in the case where 
G/K is other than a sphere. Then, for each element ^'"^'^ := ^~^{rif^{v ® (j))) {v G 
Vp^, (j) e HomL(Vp^, (m^)'=)) of r^((r^M)'=) n r(r^M)), there exists a Killing vec- 
tor field X on G/K such that the normal component {X\m)± of X\m is equal 
to ^^^'f'. This normal vector field ^"^"^ and X are as in Fig. 1. Hence we have 
j\^{J{i'"'^'^),C"^'^)dv = 0, which is derived from Theorem A because M is totally 
geodesic. If Zq satisfies the condition (I) or (II) in Introduction, then M = iJExp Zq 
is not totally geodesic and each element ^"^"^ of V ^{{T^MY)r\V{T^M)) is as in Fig. 
2. There does not exist a Killing vector field X on G/K satisfying {X\m)i. = 
For example, in the case where G/K = S0{3)/ S0{2), H = SO{2) and where M is 
a great circle in SO{3)/SO{2), there exists a Killing vector field X on SO{3)/SO{2) 
satisfying {X\m)± = for any 0) G m-"- and the orthogonal projection ^ 
of q onto m-*- (see Fig. 3). However, in the case where M is a small circle, there 
does not exist a Killing vector field X on SO{'i)/SO{2) satisfying {X\m)^ = C®''' 
for any 0) G m-*- and the orthogonal projection ^ of q onto m-*- (see Fig. 4 
and 5). Even if a small circle is not minimal, this fact indicates that, in the case 
where M = iJExpZo is minimal but not totally geodesic, there does not exist a 
KilHng vector field X on G/K satisfying {X\m)± = T®"^ for each element C^'l' of 

r^((r-LM)'=) nr(T-LM)). 




^ 's : X 

{X :the Killing vector field on G/K such that (X|m)^ = T®*^) 

Fig. 1. 
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C"^'^ extends to a Killing vector field on SO{3)/SO{2). 



Fig. 3. 
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(^^^^) (= 0) 




There does not exist a Killing vector field X on 50(3)/50(2) s.t. (X|m)± = C 



Fig. 4. 




Fig. 5. 
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4 Examples 



In this section, we give examples of a Hermann action H r\ G/K and Zq £ C as in 
Theorem A and estimate the indices of M := iJ(ExpZo) for some of the examples 
by using Theorem A. We use the notations in Introduction. 

Example 1. We consider the isotropy action of SU{2>n + 3)/50(3n + 3). Then we 
have A_|_ = A'_,_ = A'^, which is of (a3n+2)-type. Let 11 = {^i,-- - ,/93n+2} be a 
simple root system of A^, where we note that the Dynkin diagram of A^ is as in 

Fig. 4, A'^ = {/3i H h /3j I 1 < i,j < 3n + 2} and that mp = I for any /3 G A'_,_. 

Let Zq be the point of the closure of C defined by /3n+i(-^o) = /52n+2(-^o) = f and 
/3i(Zo) = (i € {1, • • • , 3n + 2}\{n + l, 2n + 2}). This point Zq satisfies the condition 
(I) in Introduction. 

^ 

Fig. 4. 

Example 2. We consider the isotropy action of SU{6n + 6)/5'p(3n + 3). Then we 
have A+ = A'^_ = A'^, which is of (o3n+2)-type. Let 11 = - ,/33n+2} be a 

simple root system of A^. We have mp = 4 for any /3 G A'_,_. Let Zq be the 
point of the closure of C defined by Pn+ii^o) = P2n+2{ZQ) = | and /3i(^o) = 
(i G {1, • • • , 3n + 2} \ {n + 1, 2n + 2}). This point Zq satisfies the condition (I) in 
Introduction. 

Example 3. We consider the isotropy action of SU{3) / S{U(1) x ^7(2)) (2-dimensional 
complex projective space). Then we have A+ = A'_^_ = A'^ = 2/3}, m^j = 2 and 
771-2/3 = 1. Let Zq be the point of C defined by P{Zq) = |. This point Zq satisfies 
the condition (I) in Introduction. 

Example 4- We consider the isotropy action of Sp{3n + 2)/U{3n + 2). Then we have 
A+ = A^ = A'^, which is of (c3„4.2)-type. Let 11 = • • • ,/33n+2} be a simple 
root system of A^, where we note that the Dynkin diagram of A^ is as in Fig. 5. 
We have m^j = 1 for any (3 G A'_^_. Let Zq be the point of the closure of C defined by 
Pn+i{Zo) = P3n+2{ZQ) = f and Pi{ZQ) = (i G {1, • • • , 3n + 2} \ {n + 1, 3n + 2}). 
This point Zq satisfies the condition (I) in Introduction. 

^xo 

^1 /32 /33n+2 
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Fig. 5. 



Example 5. We consider the Hermann action SO{2n) r\ SU{2n)/ Sp{n). The co- 
homogeneity of this action is equal to the rank of SU{2n)/ Sp{n). Also we have 
A+ = A'_^_ = A'^ = A':^, which is of (an-i)-type. Let U = {Pi, ■ ■ ■ ,/3n-i} be a 
simple root system of A^. We have = mj^ = 2 for any /3 G A^. Let Zq be a 

point of the closure of C such that one or two of /3i(Zo), • • • , /3„_i(Zo) are equal to 
J and that other j3i{Z{j) are equal to zero. This point Zq satisfies the condition (II) 
in Introduction. 

Example 6. We consider the Hermann action S'O(n) x 50(7;,) r\ (SU (n) x SU (n)) / SU (n) . 
The cohomogeneity of this action is equal to the rank of {SU{n) x SU{n))/ SU{n). 
Also we have A+ = A'^ = A'^ = A'^, which is of (an-i)-type. Let H = 
{Pi,-- - ,Pn-i} be a simple root system of A'_,_. We have = = 1 for 
any /3 € A'_^. Let Zq be a point of the closure of C such that one or two of 
Pi{Zq), - - - , Pn-iiZo) are equal to j and that other Pi{Zo) are equal to zero. This 
point Zq satisfies the condition (II) in Introduction. 

Example 7. We consider the Hermann action U{n) x U{n) r\ {Sp{n) x Sp{n)) / Sp{n). 
The cohomogeneity of this action is equal to the rank of {Sp{n) x Sp{n)) / Sp{n). 
Also we have A_|_ = A'_,_ = A'^ = A';^, which is of (c„)-type. Let H = • • • 
be a simple root system of A'^, where we note that the Dynkin diagram of A'^ is as 
in Fig. 6. We have = = 1 for any P G A^. Let Zq be a point of the closure 

of C such that one of Pi{Zq), • • • , /3„_i(Zo) is equal to j and that other Pi{Zo) are 
equal to zero. This point Zq satisfies the condition (II) in Introduction. 



^1 A /3n-l /3n 

Fig. 6. 

Example 8. We consider the Hermann action 5*^(4) x Sp{4) r\ (Eq x Eq)/Eq. OOThe 
cohomogeneity of this action is equal to the rank of (£^6 x Eq)/Eq. Also we have 
A+ = A^ = A'^ = A':^, which is of (e6)-type. Let H = {Pi, ■ ■ ■ , Pq} be a simple 
root system of A^, where we note that the Dynkin diagram of A^ is as in Fig. 7. 
We have rrip = = 1 for any /3 € A'^. Let Zq be a point of the closure of C 
such that one of Pi{Zq), P2{Zq), P/i{Zq), P^{Zq), Pq{Zq) is equal to ^ and that other 
Pi{Zo) are equal to zero. Also, let Zi be a point of the closure of C such that Pi{Zi) 
and Pq{Zi) are equal to ^ and that other Pi{Zi) are equal to zero. These points Zq 
and Zi satisfy the condition (II) in Introduction. 
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/32 

o 




ft /35 ft ft ,9i 

Fig. 7. 



Example 9. We consider the Hermann action SU{S) x ^[/(S) {E-j x Ej)/E-j. The 
cohomogeneity of this action is equal to the rank of {Ef x E';)/E'j. Also wc have 
A_|_ = A'_j_ = A'^ = A'^, which is of (e7)-type. Let 11 = • • • ,/37} be a simple 
root system of A(|., where we note that the Dynkin diagram of A'_,_ is as in Fig. 8. 
We have = = 1 for any (5 G A'^_. Let Zq be a point of the closure of C 
such that one of f3i[ZQ), I32{Zq), I3q{Zq)^ f3'j{ZQ) is equal to ^ and that other /3j(Zo) 
are equal to zero. This point Zq satisfies the condition (II) in Introduction. 



ft 




/?? ft /35 ft ft /3i 



Fig. 8. 

Example 10. We consider the Hermann action 50(16) x 50(16) r\ {Es x E^)/E^. 
The cohomogeneity of this action is equal to the rank of {E^ x Eq)/Eq. Also we 
have A+ = A'+ = A'+ = A'+, which is of (e8)-typc. Let H = ■ ■ ■ , /Ss} he a 
simple root system of A^, where we note that the Dynkin diagram of A^ is as in 
Fig. 9. IWe have = = 1 for any P G A'_|.. Let Zq be a point of the closure 

of C such that one of Pi{Zo) , PsiZo) is equal to | and that other Pi{ZQ) are equal 
to zero. This point Zo satisfies the condition (II) in Introduction. 



/32 




ft ft ft /35 ft ft 01 

Fig. 9 



Example 11. We consider the Hermann action {Sp{3) ■ SU{2)) x {Sp{3) ■ SU{2)) r\ 
{F4 X ^4)7^4. The cohomogeneity of this action is equal to the rank of (F4 x ^4)7^4. 
Also we have A+ = A'+ = A'+ = A'+ , which is of (f4)-typc. Let H = • • • , ^4} 
be a simple root system of A', , where we note that the Dynkin diagram of A', is 
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as in Fig. 10. We have = = 1 for any P G A^. Let Zq be a point of the 

closure of C such that one of /3i{Zq), (^^{Zq) is equal to j and that other Pi{Zo) are 
equal to zero. This point Zq satisfies the condition (II) in Introduction. 

/3l A ^4 

Fig. 10. 

Example 12. We consider the Hermann action SU{2)'^ {G2 x G2)/G2- The 
cohomogeneity of this action is equal to the rank of (G2 x G2)/G2- Also we have 
A+ = A'_,_ = A'^ = A':^, which is of (02)-type. Let 11 = {/3i,^2} be a simple root 
system of A^, where we note that the Dynkin diagram of A^ is as in Fig. 11. We 
have = = 1 for any /? G A'_j_. Let Zq be the point of the closure of C 
satisfying /32(-^o) = f and Pi{Zq) = 0. This point Zq satisfies the condition (II) in 
Introduction. 

Fig. 11. 

Now we give a recipi to estimate concretely the index of the minimal orbit M = 
H(Exp Zq) for a Hermann action H rx G / K and Zq £ C in Theorem A. 

Recipi. Denote by B the Ad(i?)-invariant inner product cBg\f^xi) of f); where c 
is as in Theorem A. Let {) = [)i + • • • + f}^ be the irreducible decomposition of [}. 
Denote by Bi {i = I,-- - ,k) the Ad(ifj)-invariant inner product of f)j satisfying 
max Bi{a^,a^) = 2, where Hi := exp i)i and A''* is the root system of J)^ with 

respect to the complexification of a maximal abelian subalgebra of f)j and is 
the element of tj defined by a\i^{-) = Bi{a'^,-). The complexification Bf of Bi is the 
scalar product of f)^ considered in [MP] (see Page 3 of [MP]). By Schur's lemma, 
5|[,.xf)i = CiBi holds for some positive constant Cj and, for each A = [p\] = [px^- 
■ ■ ■ — pAfc] £ D{H) [px^ € D{Hi)), aXi = -^o-Xi holds between the eigenvalues ax- and 
ax^ of the Casimir operators of p^j with respect to i?|[,.x[)j and Bi, where PAi — ' ' '~PXk 
is the representation of Hi x ■ ■ ■ x defined by {px^ — ■ ■ ■ — px^,){hi, ■ ■ ■ , hk){vi (8) 
• • • (g) Vfe) := pxi{hi){vi) (g) • • • (?) pXk{hk){vk) {hi € Hi, Vi € Vp^J (the representation 
space of — • • • — px^. is V^^^ (g • • • (g Vp^^ ) . Hence the eigenvalue ax of the Casimir 

k k 

operator px with respect to B is equal to 5^ OAj = 

1=1 i=i ' 
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(Step I) We calculate these constants ci, • • • , c^. 

Let n = {Pi, ■ ■ ■ ,Pr} be the simple root system of A'_,. and 9ij (1 < i,j < r) the 
angle between j5\ and /Sj, where is the element of b defined by = Bq{I3\,-). 

Set k := ^/bJpIpI) {i = !,■■■ ,r). For each P G A'+, we set P = ^A- For 

i=l 

each V G b, we set v = ^ v'^Pf. Then we have i?g(v, v) = ^ v'^v^k^j cos Oij and 



i=l 



J2 m^ciP ® pi)\\op 



/3eA^\(A'^^UA'f^) 



max 
t;eb\{0} 



(4.3) 



^ mpcP{v)' 

y/3eA;\(A'^^uA'«) 



/Sg(x;,i;) 



max 

{v\- ,v^)en^\{{o,- ,0)} 



J2 ("^^^ 

Y/3eA;\(A'^^UA'« ) 



X ^ n^n^v^v^Zj^j^fe^iCos^ij cos^fcu) J / ^ v^v^ klj cos9. 



l<i,j,k,u<r 

Let Ci and C2 be the symmetric matrices of degree r such that 

*vCiv = ^ (m^c ^ n^'^n^^v^ v"^ liljkk cos 9 ij cos Oku) 

/36A'_^\(A'^^UA'f^) l<jj,fc,u<r 

and 



vC2V= ^ i;V4Z 
l<j j<r 



for all V = (v\ • • • , e I^''- To calculate || ^ m/3c(/3 (g) /3")||op 

/3ga;\(A'^,ua'|j) 

*vCiv 

= max - — — — , we have only to calculate the maximum of positive numbers 
veR'-\{(o,--- ,0)} *vC;2v 

k's such that *v(Ci — kC2)v = for some v ^ (0, • • • 0), That is, we have only to 
calculate the maximum of k's such that Ci — KC2 is neither a positive operator nor 
a negative operator. 

(Step II) We calculate C\ and C2, and estimate the maximum of k's satisfying the 
above condition strictly. 

(Step III) We calculate a\^ (as in (Step I)) in terms of Table 1 of /o(Ai)(= dim V^^ ) 
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and l2{Xi){= - dSi ^ [^P]' ^^^^^ ^ ^ [^P]- 

As its result, we can calculate ax's (A G D{H)) and estimate — 1 1 ^ 

/3eA;\(A'^^UA'«) 

m^c(/3®/3«)||op strictly. 

(Step IV) By comparing the values of and — 1 1 ^ i^i3c{P'S>P'^)\\op 

/3eA;\(A'^^UA'f^) 

with those of a^'s (A G D{H)), we list up the elements of Di{H) and D2{H), 
where ;u is the equivalence class of the complexification of the isotropy represe- 
ntation of G/H. 

(Step V) By using the relation (3.1), we analyze the Lie algebra I of the isotropy 
group L := Hzq. 

(Step VI) For each clement A = [p\\ of Di{H) and D2{H), wc investigate how Pa|l 
is decomposed irrcducibly by using Table 2 (the branching rule) in [MP]. 
Also we investigate how (pc/i? U)'^l(m-i-)= is decomposed irreducibly. 

(Step VII) By using the irreducible decompositions of (/Sc/i? |i')*^l(m^)= ^^'^ PaU's 
(A G D2{H)), we calculate dimHomi(V^^, (m-'-)'^) and estimate the index i{M) 
of M by using the estimate inequality in Theorem A. 



By using this recipi, we shall estimate the indices of some of the minimal or- 
bits M = i7(ExpZo) in Examples 1 ~ 12. First we consider the case where 

G/K = SU{6)/SO{G), H = 50(6), and M = 50(6)(ExpZo) (/32(^o) = Pa{Zo) = 
^, /3i{Zq) = P3{Zq) = /35(Zo) = 0) (the case of n = 1 in Example 1). Then we have 
A' = A = A^" ((a5)-type). Since Bg\t,xt, = 3Sf, (see Pages 187, 188 of [Hel]), we 

have {ip*gi)eL = cBglmxm = |(-B0|f,xf))Uxm = |-B(,|mxm, which implies B = 
Let t be a maximal abelian subalgebra of f) and A'''' be the root system of t)'^ with 
respect to t'^ and define {e t) (rcsp. {£ t)) by a(-) = Bi,{a^,-) = B{a^,-). 
Take a G A"'. Since Bt,{a^,a^) = \ (see Page 188 of [Hel]) and B = fSj,, we have 
B{a^,a^) = |S[,(atl,att) = i. From this relation, it follows that B = 18B. Hence 
we have ax = ^ax for each A G D{H). Since A' is (a5)-type and H = {Pi, ■ ■ ■ ,j5^} 
is a simple root system of A'^, we have A'_|. = -|- • • • -|- 1 1 < i,j < 5}, 

4 = \/bJpIp[) = {i = I,--- ,5), = fvr (i = I,... ,4) and % = f 

{j — i >2). Hence the symmetric matrices Ci and C2 in (Step II) are given by 



/ 


-4 


8 


-4 





\ 




8 


-12 


12 


-5 







-4 


12 


-16 


12 


-4 







-5 


12 


-12 


8 


V 








-4 


8 


-a) 



19 



and 



/ 


2 


-1 











\ 




-1 


2 


-1 















-1 


2 


-1 















-1 


2 


-1 




V 











-1 


2 


/ 



respectively. It is shown that the maximum of the value n such that Ci — KC2 is 
neither a positive operator nor a negative operator is bigger than ^ and smaller 

than ^. Thus we have 75 < || rnpc{l5 ® 0^)\\o-p < ^- Since the 

^eAV\(A'^yUA'») 

equivalence class /x of the complexification of the isotropy representation oi G/H 
is (0 2 0), we have = —12 in terms of Table 1 in [MP] and the relation (2.3) 
in Page 10 of [MP]. Hence we have = — |. Therefore we have — y| < — 
II ^ nipc{/3 (8) /3'')||op < Similarly we can calculate ax for other 

/3eA;\(A'^^UA'f^) 

A G D{H). By comparing the values of and — 1| ^ nT'i3c{P0l3^)\\op 

^eA;\(A'|^UA'fj 

with those of oa's (A G D{H) s.t. A / /i), wc have Di{H) = {(000), (001), (010), 
(Oil), (0 2), (101), (0 2 0)} and D2{H) = {(000), (0 01), (010), (Oil), (0 2), 
(101), (0 2 0), (0 3), (10 2), (012), (111)}. Since A'^^ = {/3i, /?3, /Ss} and as, (b) = 
{0}, we have l = f)0, + fj^g + where i)fi, = {Xei)\ ad(6)2(X) = -^iibfX (V6 G 
b)} {i = 1,3,5). Thus [ is abelian, that is, [ = so(2) +so(2) +so(2). Hence we 
have dimHomL(Vp^, (m-'-)'^) = dim Vp^ ■ dim (m-'-)'^ for each A G D{H). Also we have 
dimm-'- = 8. Therefore we have 

mAdimHomL(Vp^, (m^)'=) = 8 ^ ml = 9424 

XeDiiH) XeDiiH) 

and 

mAdimHomL(yp^, (m^)"^) = 8 ^ ml = 71960. 

XeD2{H) XeD2{H) 

See Table 1 of [MP] about and twa's. Therefore we obtain the following result. 

Proposition 4.1. Let H = {/3i, • • • , /Ss} be the simple root system of the positive 
root system A_|_ of SU{6)/SO{6) (o — o — o — o — oj and Zq be the element of 

13 1 fi-z (3?, 13 a f35 

b with P2{Zo) = Pa{Zo) = f and Pi{Zq) = ^^{Zq) = ^5(^0) = 0. Then the 
orbit M := S'0(6)(Exp(Zo)) of the isotropy action of SU{6)/SO{6) is a (non-totally 
geodesic) unstable minimal submanifold and we have 9424 < i{M) < 71960. 

Next we consider the case where G/K = SUi9)/SO{9), H = 5*0(9), and M = 
50(9)(ExpZo) iPsiZo) = Pe{Zo) = f , A(^o) = 0(i 7^ 3,6)) (the case of n = 2 in 



20 



Example 1). Then we have A' = A = A^'' ((a8)-type). Since -Bglfjxf) = t-^I) (^^^ 

Page 187, 189 of [Hel]), we have {lp*gi)eL = cBglmxm = f (-Bg|f,xf,)|mxm = f|-B(,|mxm, 

which implies B = f|-B(,. Let t be a maximal abelian subalgebra of f) and A''" 
be the root system of f)*^ with respect to t*^ and define a" (g t) (resp. (g t)) by 
a{-) = 5(,(af, .) = Bia'^, •). Take a e A^'^ Since Bt,{a'^,a^) = \ or -^^ (see Page 189 
of [Hel]) and B = ^Bf,, we have B{a^,a^) = ^B^{a^,a^) = ^ or ^. Prom this 
relation, it follows that B = 27B. Hence we have ax = ^ax for each A G D{H). 
Since A' is (agj-type and H = • • • ,13%} is a simple root system of A'_,_, we have 

AV = {A + ••• + /?,• 1 1 < i,3 <^}A = ^B^{pIpI) = i (i = 1, • • • ,8), Oi^i+y = fvr 
(i = 1, • • • ,7) and 9ij = ^ (j — ^ > 2). Hence the symmetric matrices Ci and C2 in 
(Step H) are given by 



Ci = 



and 



C2 = 





/ 12 


-6 




















\ 




-6 


12 


-6 






















-6 


14 


-6 





-1 








1 








-6 


12 


-6 











972 











-6 


12 


-6 
















-1 





-6 


14 


-6 






















-6 


12 


-6 




V 

















-6 


12 / 




/ 


2 


-1 























-1 


2 


-1 
























-1 


2 


-1 
















1 








-1 


2 


-1 
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-1 


2 


-1 
























-1 


2 


-1 
























-1 


2 


-1 






V 




















-1 


2 ) 





respectively. It is shown that the maximum of the value n such that Ci — KC2 is nei- 
ther a positive operator nor a negative operator is bigger than ^ and smaller than 
a . Thus we have ^< II E m/3c(^^/3«)|| op < I • Since the equivalence 

/3eA;\(A'|;^UA'f^^) 

class ^ of the complexification of the isotropy representation oiG/H is (2000), we 
have a^ = —IS in terms of Table 1 in [MP] and the relation (2.3) in Page 10 of [MP]. 
Hence we have = — |. Therefore we have — | < — || ^ mpc{/3 (8> 

/3ga;\(A'^^ua'« ) 

/3«)||op < -§. Similarly we can calculate ax for other A G D{H). By compar- 
ing the values of and a^^ — || ^ mpciyji ® /3'')||op with those of a^'s 

/3eA;\(A'^ UA'f ) 
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(A G D{H) s.t. A^/i), wc have Di{H) = {(0000), (1000), (000 1), (0 1 0), 
(2 0), (0 10), (10 01)} andD2{H) = {(0 0), (10 0), (0 1), (0 1 0), (2 0) 
(0 10), (10 01), (0 2)}. Since A'^^ = {P,, p^, Pi + p2, f^A, p5, 1^4 + ^5, ^7, Ps, 
Pi + P%} and 3(,(b) = {0}, we have I = ^ {\}fj^ + f)^^^, + flft+ft+J. From this 

je{i,4,7} 

relation, I = so (3) +50 (3) +so(3) follows. Hence, by using Table 2 (the branching 
rules) in [MP] , we have the following table: 



A 


\l 


inx 


(0000) 


(0-0-0) 


1 


(1000) 


3(0 - - 2) 


9 


(0001) 


2(1 - 1 - 1) 


16 


(0100) 


3(0 - - 2) e 3(0 - 2 - 2) 


36 


11= (2000) 


2(0 - - 0) e 3(0 - 2 - 2) e 3(0 - - 4) 


44 


(0 010) 


3(0 - - 0) e 6(0 - 2 - 2) e (2 - 2 - 2) 


84 


(0 2) 


6(0 - - 2) e 3(0 - 2 - 2) e 3(2 - 2 - 2) 


126 


(1001) 


4(1-1-1)0 6(1-1-3) 


128 



Table 1. 



In this table, (Ai — A2 — A3) (Ai,A2,A3 € D(S'0(3))) is as stated in Recipi. Also, 
since [p^\l\ = 2(0 - - 0) © 3(0 - 2 - 2) © 3(0 - - 4) and dimm-^ = 17, we have 

[(PMk)l(m^)c] = 2(0 - - 0) © 3(0 - - 4). 

Hence, we have 

^ mAdimHomL(V;,;,,(m-^)'') = ^ mAdimHomL(yp^, (m-^)'=) = 978. 
Therefore we obtain the following result. 

Proposition 4.2. Let U = {/3i, • • • be the simple root system of the positive 
root system A_|_ of SU{9)/SO{9) (0 — — o) and Zq be the element of b 

01 p2 08 

with PsiZo) = PeiZo) = | and Pi{Zo) = (i 3,6). Then the orbit M := 
SO (9) (Exp (Zq)) of the isotropy action of SU{9)/SO{9) is a (non-totally geodesic) 
unstable minimal submanifold and we have i{M) = 978. 

Next wc consider the case where G/K = SU{12)/ Sp{6), H = Sp{6), and M = 
5p(6)(ExpZo) {P2{Zo) = PiiZo) = f , Pi{Zo) = 0{i^ 2,4)) (the case of n = 1 in 
Example 2) . Since the Satake diagram of G/K is as in Fig. 12 and H = K, we 
have A' = A and the multiplicity of each root of A' is equal to 4. 
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/32 



/33 Pi 

Fig. 12. 



/95 



(ft|b = A) 



Also, since -Bg|[,xf, = (see Page 187, 190 of [Hel]), we have {ip*gi)eL = ci?g|mxm = 
|(S0|(,x(,)|mxm = f-Bf,|mxm, which implies B = ^B^. Let t be a maximal abelian 
subalgebra of f) and A'''' be the root system of f)*^ with respect to and define 
af(G t) (resp. a» (e t)) by a(-) = Bf,(a»,-) = B{a^,-)- Take a G A^'. Since 
5f,(att,att) = i or ^ (see Page 190 of [Hel]) and B = fSj,, we have B{a^,a^) = 

18B. Hence we 



^B\^{a^,a'^) = ^ or Prom this relation, it follows that B 
have ax = jg^x for each A € D{H). Since A' is (a5)-type and H 
is a simple root system of A'_^ , we have A'^. = + ■ ■ ■ + Pj \1 

_J_ - K\ a. . . - 2 



- {/3i,-- - ,/35} 
< i.3 < 5}, 



1.' 



,4) 



k = ^B,{P14) = ^\B,0lph = = Ir-- ,5), 

and = 1 (j — z > 2). Hence the symmetric matrices Ci and C2 in (Step II) are 
given by 



Ci 



1728 



and 





-8 


16 


-8 








\ 




16 


-24 


24 


-10 









-8 


24 


-32 


24 




8 









-10 


24 


-24 


16 




I 








-8 


16 




8 


/ 


/ 


2 


-1 








\ 








-1 


2 


-1 
















-1 


2 


-1 
















-1 


2 -1 








V 











-1 2 


) 







C2 = — 

^ 48 



respectively. It is shown that the maximum of the value n such that Ci — KC2 is 
neither a positive operator nor a negative operator is bigger than ^ and smaller 
than j^. Thus we have ^ < 



E 



72. 



mpc{l3 (g) /3'')||op < ^- Since the 



/36A;\(A'^^UA'f^) 



equivalence class of the complexification of the isotropy representation of G/H is 
(010000), we have = -12 in terms of Table 1 in [MP] and the relation (2.3) 
in Page 10 of [MP]. Hence we have = —1. Therefore we have — ^ < a,, 



II E 

/3ga;\(A'^^ua'« ) 
A G D{H). By comparing the values of a^u and a^—l 



18 



m^c.{P (g) /9'')||op < — f|- Similarly we can calculate ax for other 



E 



/JeA;\(A'^^uA'fJ 



m^c(/3®/5«)|| 



op 



with those of OA 's (A G L>(i7) s.t. \^ /x), we have Di(iJ) = {(0 0000 0), (100000), 
(010000)} andi:>2(-ff) = {(000000), (100000), (010000), (200000), (001000)}. 
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Since A'^^ = /Js, /^s}, we have I = 3(,(b) + i)/^^ + ^f^^ + {)/35. Also we have 
dim [ = dimG — {diuiG/K — dim(b + p/jj + pg,^ + p/3r,))- From these facts, we have 
[ = 6so(2) + 3so(4)(= 6so(2) + 6su(2)). Hence, by using Table 2 (the branching 
rules) in [MP], we have the following table: 



A 




'"A 


(000000) 


(0-0-0-0-0-0) 


1 


(100000) 


6(0-0-0-0-0-1) 


12 


fj. = (010000) 


5(0 - 0- 0- 0- 0- 0)e 15(0 - 0- 0- 0-1-1) 


65 


(200000) 


6(0 - 0- 0- 0- 0- 2) e 15(0 - 0- 0- 0-1-1) 


78 


(001000) 


9(0 - 0- 0- 0- 0- 0)e 45(0 - 0- 0- 0-1-1) 

ei5(o - 0-1-1-1-1) 


208 



Table 2. 

Also, since =5(0-0-0-0-0-0)© 15(0 - 0- 0- 0-1-1), m-L = 

b + Pi3i + p03 + P/3b5 dim b = 5 and dimp^. = 4 (i = 1, 3, 5), we have 

[(p^|l)|(„x)c] = 5(0 - - - - - 0) © 3(0 - - - - 1 - 1). 

Prom these facts, we have 

J] mAdimHomL(l/p^, (m-^)'=) = 4555 

XeDi{H) 

and 

mAdimHomL(yp^, (m-^)'=) = 45505. 

XeD2{H) 

Therefore we obtain the following result. 

Proposition 4.3. Let H = {/3i, • • • , f^r^} he the simple root system of the positive 
root system A+ of SU (12) / Sp{6) ('o — o — o — o — oj and Zq be the element of 

/3l A 1^4 1^5 

b with P2{Zo) = MZo) = f and /3i(Zo) = PsiZo) = P^iZo) = 0. Then the 
orbit M := S'p(6)(Exp(Zo)) of the isotropy action of SU{12)/Sp{6) is a (non-totally 
geodesic) unstable minimal submanifold and we have 4555 < i{M) < 45505. 

Next we consider the case where G/K = SU{3)/S{U{1) x U{2)), H = S{U{1) x 
U{2)), and M = S{U{1) x ;7(2))(Exp Zq) (/3(Zo) = f ) (Example 3). Since the Sa- 
take diagram of G/K is o — o and H = K, we have A' = A = {/3, 2/3} and the 

/3i & 

multiplicity of /3 (resp. 2/?) is equal to 2 (resp. 1), where = /3 (i = 1,2). 
Since -Bg||,x(, = f-B,, (see Page 187 of [Hel]), we have {tp*gi)eL = cSgl^xm = 
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|(i?g|[,x[i)|mxm = |-B[,|mxm) which imphes B = Let t be a maximal abelian sub- 
algebra of f) and A''" be the root system of with respect to t*^ and define a" (g t) 
(resp. dtt(e t)) by a(-) = Bt^{J,-) = B{a^,-). Take a G A"'. Since 5(,(af,af) = \ 
(see Page 187 of [Hel]) and B = |5„, we have B{a^,a^) = |5|,(a»,a») = |. From 
this relation, it follows that B = ^B. Hence we have oa = f^A for each A G D{H). 

Since a; = {P,2P}, we have k = = ^ B^(^\3{) = Hence the 

symmetric matrices Ci and C2 in (Step II) are given by Ci = {■^) and C2 = (3^), 
respectively. It is shown that the only value k such that Ci — KC2 is equal to 
This implies || ^ 'm^c{l5 ® /S^jHop = \- Since the equivalence class 

/3eA;\(A'^^UA'f^) 

of the complexification of the isotropy representation of G/H is (0) ® (0) ® (3), we 
can show = — ^ in terms of the fact related to irreducible representations of 
5u(2) stated in Page 13 of [MP] and the relation (2.3) in Page 10 of [MP], where 
we note that f) = 5u{2) + so(2). Hence we have = — |. Therefore we have 

^/i ~ II Yli "i^c(/3 (g) /3'^)||op = Similarly we can calculate a\ for 

/3eAV\(A'|^UA'f^) 

other A G D{H). By comparing the values of and a^ — 1| E mj3c{P® 

/3eA;\(A'^^UA'f^) 

/3f)||op with those of oa's (A G D{H) s.t. A 7^ //), we have Di{H) = D2{H) = 
{(0), (1), (2), (3)}. On the other hand, we have I = 3(,(b) =5o(2) and dimm-^ = 1. 
Hence we have dimHomi(yp^, (m-'")'^) = mAdim (m-'")'^ = mx. Hence we have 
^ mAdimHomi(Fp^, (m-'-)'^) = ^ mAdimHomL(V^^, (m-'-)'^) = 30. There- 

XeDi{H) XeD2{H) 

fore we obtain the following result. 



Proposition 4.4. Let A+ := {/3,2/3} be tie positive root system of S'C/(3)/S'(C/(l)x 

U{2)) and Zq be the clement of b with /3(Zo) = f . Then the orbit M := S{U{1) x 
C/(2))(Exp(Zo)) of the isotropy action of SU{3)/S{U{1) x ^7(2)) is a (non-totally 
geodesic) unstable minimal submanifold and we have i{M) = 30. 

Next we consider the case of G/K = SU{6)/Sp{3), H = 50(6) and M = 
50(6)(ExpZo) {Pi{Zq) = J, P2iZo) = 0) (the case of n = 3 in Example 5). Since 
the Satake diagram of G/K is as in Fig. 13, we have A' = A and the multiplicity 
of each root of A' is equal to 4. 




(Alb = Pi) 



Furthermore, we have mX = m.? = 2 for all ^ G A' (see [Koi2]). Also, since B^l^jxt) = 
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3B|, (see Page 187, 188 of [Hel]), we have {tp*gi)eL = cSg|„xm = 5(5g|f,x(,)|mxm = 
rnxni) which imphcs B — ^B[j. Let t be a maximal abchan subalgebra of f) and 
A''" be the root system of f)*^ with respect to and define a" (g t) (resp. a" (g t)) 
by «(•) = Btj{J,-) = ]3{a\-). Take a G A^'. Since B^{a^,a^) = \ (see Page 188 
of [Hel]) and B = §5i,, we have B{a'^,a'^) = |5f,(a'', a") = i. From this relation, it 
follows that B = 12B. Hence we have ax = for each A G D{H). Since A' is (02)- 
type and E = {/3i, /?2} is a simple root system of A'^, we have A'^ = /92, /3i+/32}, 



'B,iPl(3f) = ^^B.iPlPl) = ^ (i = 1,2), 9i2 = Itt. Also Zq satisfies the 
condition (II) in Theorem A, the constant c in Theorem A is equal to 1. Hence the 
symmetric matrices Ci and C2 in (Step II) are given by 



144 V -1 5 

and 

- 24 1, -1 2 

respectively. It is shown that the maximum of the value k such that Ci — KC2 
is neither a positive operator nor a negative operator is equal to |. Thus we have 

II ^ 'mj3c{piS> P'^)\\op = §• Since the equivalence class /x of the complex- 

/3eA;\(A'|^UA'fj 

ification of the isotropy representation of G/H{= SU{6)/SO{6)) is (0 2 0), we have 
ttf, = -12 in terms of Table 1 in [MP] and the relation (2.3) in Page 10 of [MP]. Hence 

we have = —1. Therefore we have — 1 1 Yl i^pKP ® /^'*)llop = ~|- 

/36A;\(A'^^UA'f^) 

Similarly we can calculate ax for other A G D{H). By comparing the values of 
and — II Yl nT'pciP <8) /3'^)||op with those of ax^s (A G D{H) s.t. 

/3GAV\(A'^,^UA'|^) 

A ^ //), we have Di{H) = {(0 0), (0 1), (0 1 0), (0 2), (1 1), (Oil), (0 2 0)} and 
D2(i?) = {(000), (001),(010),(002),(101),(011),(020),(003), (102), (012), 
(021), (111)}. Since A'^,, = {/^z} and A'g, = 0, we have [ = 3f,(b) + f^2n[). Also we 
have dim [ = dimi^ — (dim G/i^ — dim(b + pjj^ fl q) = 5. From these facts, we have 
I = so (2) +so(2) +su(2). Hence, by using Table 2 (the branching rules) in [MP] and 
the branching rule for (oi) C (02) (see Page 19 ~ 20 of [MP]), we have the following 
table: 
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A 


Ml 


mx 


(0 0) 


(0) 


1 


(0 01) 


2(0) e (1) 


4 


(010) 


2(0) e 2(1) 


6 


(0 2) 


3(0) e 2(1) e (2) 


10 


(101) 


4(0) e 4(1) e (2) 


15 


(Oil) 


4(0) e 5(1) e 2(2) 


20 


M = (0 2 0) 


3(0) e 4(1) e 3(2) 


20 


(0 3) 


4(0) e 3(1) e 2(2) e (3) 


20 


(10 2) 


6(0) e 7(1) 4(2) e (3) 


36 


(012) 


6(0)0 8(1)0 5(2)0 2(3) 


45 


(0 21) 


6(0) e 9(1) e 7(2) e 3(3) 


60 


(111) 


8(0) e 12(1) e 8(2) e 2(3) 


64 



Table 3. 



Also, since [p^|l] = 3(0) © 4(1) © 3(2), m-^ = b + q and dimb = dimp^j = 2, 
we have 

[(p^|l)|(„x)c] = (0)©(2). 

Hence we have 

mAdimHomL(Vp^, (m^)'^) = 376 

\eDi(H) 

and 

mAdimHomt(yp^, (m^)'=) = 3155. 
Therefore we obtain the following result. 

Proposition 4.5. Let 11 = {/3i,/32} be the simple root system of the positive 
root system A_|_ of SU{6)/Sp{3) and Zq be the element of b with I3\{Zq) = j 
and /?2(-^o) = 0. Then the orbit M := 50 (6) (Exp (Zq)) of the Hermann action 
SO{6) r\ SU{6)/Sp{3) is a (non-totally geodesic) unstable minimal submanifold 
and we have 376 < i{M) < 3155. 

Next we consider the case of G/K = SU{8)/Sp{A), H = SO{8) and M = 
50(8)(ExpZo) (/3i(Zo) = f , /32(Zo) = f3s{Zo) = 0) or M = 50(8)(ExpZi) {^2{Zi) = 
J, Pi{Zi) = l33{Zi) = 0) (the case of n = 4 in Example 5). For simplicity, we set 
Mi := 50(8) (Exp Zi) {i = 1, 2). Since the Satake diagram of G/K is as in Fig. 14, 
we have A' = A and the multiplicity of each root of A' is equal to 4. 
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(ft|f, = A) 

/3l /32 03 

Fig. 14. 

Furthermore, we have = = 2 for all /3 G A' (see [Koi2]). Also, since -Bg|f,xi) = 
§Sf, (see Page 187, 188 of [Hel]), we have {il^*gi)eL = cB^lrnxm = U^s\t,xt,)\mxm = 
mxtTi) which implies B — ^B^. Let t be a maximal abelian subalgebra of f) and 
a'''' be the root system of with respect to i'^ and define a" (g t) (resp. a" (g t)) 
by a(-) = Bi,{J,-) = B{a^,-). Take a G A"'. Since 5|,(a«,a») = i (see Page 188 
of [Hel]) and B = we have B{a^,a^) = |i?(j(a'', a") = |. From this relation, 
it follows that B = 16B. Hence we have ax = j^ax for each A G D{H). Since A' 
is (a3)-type and H = {Pi, 132,^3} is a simple root system of A'_,_, we have A'^ = 

P2,, Ps, Pi + P2, 02+^3,01+^2 + ^3}, k = \Ib^{PIpI) = ^J\B^0m) = \ 

{i = 1, 2, 3), 012 = O23 = Itt and ^13 = |. The symmetric matrix C2 in (Step H) is 
given by 

^ / 2 -1 
C2 = — -1 2 -1 
V -1 2 

Since Zq and Zi satisfy the condition (H) in Theorem A, the constant c in Theorem 
A is equal to 1. In the case of M = Mq, the symmetric matrix Ci in (Step H) is 
given by 

1/3-11 

Also, in the case of M = Mi, it is given by 




In both cases, it is shown that the maximum of the value k such that Ci — KC2 is nei- 
ther a positive operator nor a negative operator is equal to |, that is, 1 1 ^ 

^eA'+\(A'^^UA'« ) 

m/3c(/3(8>/3'')||op = II J2 m^c(/3(8),0'') Hop = 5- Since the equivalence class 

^GA;\(A'^^UA'f^) 

H of the complexification of the isotropy representation of G/H{= SU (8)/ SO{8)) is 
(2 0), we have 0,^ = —16 in terms of Table 1 in [MP] and the relation (2.3) in Page 
10 of [MP]. Hence we have a^u = —1. Therefore we have — || J2 

^eA;\(A'^^UA'f^) 



28 



m/3c(/3 O/^") Hop = - II Yl my3c(/3 (g) I lop = -|. Similarly we can 

/3eA;\(A'^^UA'f^) 

calculate ax for other A G D{H). By comparing the values of a^'s (A € D{H) s.t. A 7^ 
Ai) with -land -|, we have L>i (if) = {(0 0), (1 0), (0 1 0), (2 0), (1010)} 
and D2{H) = {(0000), (1 000), (0 1 00), (2000), (1010), (1100)}. Prom A'z^ = 
{/32,/53,/?2 + Ps} and A'g, = 0, we can show Iq := [}Zo = 4so(2) + 25u(2). Also, 
from A'^^ = {/Sij/Js} and A'^^ = 0, we can show [1 := f)^^ = 8so(2). Hence, by 
using Table 2 (the branching rules) in [MP] (see Page 19 ~ 20 of [MP]), we have the 
following table: 



A 


A|lo 


mx 


(0000) 


(0-0) 


1 


(1000) 


(1-3) 


8 


(0100) 


2(0 - 2) © (2 - 4) © (0 - 6) 


28 


IX = (2000) 


(0 - 4) © (2 - 2) © (2 - 6) 


35 


(1010) 


(1 - 1) © (1 - 3) © (1 - 5) © (1 - 7) 

e(3 - 3) 


56 


(1100) 


(1 - 1) e 3(1 - 3) e 2(1 - 5) © (1 - 7) 
(1 - 9) © (3 - 3) © (3 - 5) © (3 - 7) 


160 



Table 4. 

Here we set U := Hz, {i = 0, 1). Set = exp^^^(T4p^^50(8)(Exp Z,)) (i = 0, 1). 
Also, since [P/^Ilo] = (2 - 6) (2 - 2) (0 - 4) and mj- = 9, we have 

[(PmIlo)I«)c] = (2-2). 
AlsOjWe have dimm^ = 7. Hence we have 

^ mAdimHomLo(yp^,(m^)'=) = ^ mAdimHomLo(yp^, (m^)'=) = 35, 

AeDi(H) X€D2{H) 

^ mAdimHomLj(Fp^, (m]^)'=) = 36470 

\&D^_{H) 

and 

^ mAdimHomi,(Fp^, (m^)'=) = 215670. 
AeD2(if) 

Therefore we obtain the following result. 

Proposition 4.6. Let H = {A,/32,/33} be the simple root system of the positive 
root system A+ of SU{8)/Sp{4), Zq be the element of b with Pi{Zo) = j and 
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^2(-^o) = PsiZo) = 0. and Zi be the clement of b with /32{Zi) = j and (3i{Zi) = 
/33(Zi) = 0. Then the orbits Mq := 50(8) (Exp (Zq)) and Mi := SO (8) (Exp (Zi)) 
of the Hermann action S0{8) r\ SU{8)/ Sp{4:) are (non-totaUy geodesic) unstable 
minimal submanifolds and we have i{Mo) = 35 and 36470 < i(Mi) < 215670. 
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